LA-UR-03-2189

Approved for public release;
distribution is unlimited.

Title: Quantum Simulations of Physics Problems

Author(s): | Rolando Somma, Gerardo Ortiz, Emanuel Knill, and
James Gubernatis

Submitted to:

http://lib-www.lanl.gov/cgi-bin/getfile?00852379.pdf

Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by the University of California for the U.S. Department of
Energy under contract W-7405-ENG-36. By acceptance of this article, the publisher recognizes that the U.S. Government retains a nonexclusive, royalty-
free license to publish or reproduce the published form of this contribution, or to allow others to do so, for U.S. Government purposes. Los Alamos National
Laboratory requests that the publisher identify this article as work performed under the auspices of the U.S. Department of Energy. Los Alamos National
Laboratory strongly supports academic freedom and a researcher's right to publish; as an institution, however, the Laboratory does not endorse the

viewpoint of a publication or guarantee its technical correctness.
FORM 836 (10/96)



Quantum Simulations of Physics Problems

RolandoSomma,GerardoOrtiz, EmanuelKnill, andJamesGubernatis
Los Alamos National Laboratory, Los Alamos, USA
(Dated:June6, 2003)

Abstract
If alarge QuantumComputer(QC) existedtoday whattype of physicalproblemscould we efficiently
simulateon it thatwe could not efficiently simulateon a classicalTuring machine?In this paperwe amgue
thata QC could solve somerelevant physical“questions”more efficiently. The existenceof one-to-one
mappingdetweerdifferentalgebra®f obserablesor betweerdifferentHilbert spacesllow usto represent
andimitateary physicalsystemby ary otherone(e.g.,abosonicsystemby a spin-1/2system) We explain
how thesemappingscanbe performed,andwe shav quantumnetworks usefulfor the efficient evaluation

of somephysicalpropertiessuchascorrelationfunctionsandenegy spectra.

PACS numbers:Keywords: quantummechanicsguantumcomputing,identical particles,spin systemsgeneralized

Jordan-Vignertransformations



I. INTRODUCTION

Quantumsimulationof physicalsystemson a QC hasacquiredimportanceduring the last
yearssinceit is believed that QCscansimulatequantumphysicsproblemsmore efficiently than
their classicalanalogueg1—4]: The numberof operationsneededor deterministicalf solving
a quantummary-body problemon a classicalcomputer(CC) increasesxponentiallywith the
numberof degreesof freedomof thesystem.

In quantummechanicsgachphysicalsystemhasassociatedvith it a languageof operators
and an algebrarealizing this language and can be consideredas a possiblemodel of quantum
computation3]. As we discussedn a previous paper[5], the existenceof one-to-onemappings
betweendifferentlanguagege.g., the Jordan-Vigner transformatior{6, 7] that mapsfermionic
operatoronto spin-1/2operatorsiand betweemquantumstatesof differentHilbert spacesallows
the quantumsimulationof one physicalsystemby ary otherone. For example,a liquid nuclear
magneticresonanc&C (NMR) cansimulatea systemof *‘He atoms(hard-corebosons)ecause
anisomorphicmappingbetweerthetwo algebrasof obsenablesexists.

The existenceof mappingsbetweenoperatorsallows usto constructquantumnetworks from
setsof elementarygates,to which we mapthe operatorsof our physicalsystem. An important
remarkis thatthesemappingsanbe performedefficiently: we needa numberof stepsthatscales
polynomially with the systemsize. However, this fact aloneis not sufficient to establishthat
ary quantumproblem can be solved efficiently. One needsto shav that all stepsinvolved in
the simulation(i.e., preparationof the initial state,evolution, measurementand measurement
control) can be performedwith polynomial compleity. For example,the numberof different
eigevaluesin thetwo-dimensionaHubbardmodelscalesexponentialy with the systemsize,so
QC algorithmsfor obtainingits enegy spectrumwill alsorequirea numberof operationsthat
scalesxponentialy with the systemsize[5].

Generically given a physicalsystemover which we have quantumcontrol, its operatoralge-
bra canbe associatedvith a possiblemodel of computation[5, 8]. In this paper we consider
the simulationof ary physicalsystemby the standardnodelof quantumcomputation(spin-1/2
system) sincethis might bethelanguageneededor the practicalimplementatiorof the quantum
algorithms(e.g.,NMR). Thereforethe compleity of the quantumalgorithmsis analyzedfrom
thepointof view of thenumberof resourcegelementarygatesheededor theirimplementatiorin

thelanguageof thestandardnodel.If anothemodelof computationwereused,onewould follow



the samequalitatve steps(presentedn this paper)althoughthe mappingsand network structure
would bedifferent.

The main purposeof this manuscriptis to presenta pedagogicakeview of previous works
([3, 5]) onthe simulationof physicalphenomenaisinga QC, includinga new sectionexplaining
the simulationof systemsf particlesobeying canonicalbosons’commutationrelations. We or-
ganizedthe paperin thefollowing way: In sectionll we describethe standardnodelof quantum
computation(spin-1/2system). Sectionlll shavs the mappingsbetweenphysicalsystemsgov-
ernedby a generalizedPauli’s exclusionprinciple (fermions,etc.) andthe standardnodel,giving
examplesof algorithmsfor the first two steps(preparationof the initial stateand evolution) of
the quantumsimulation. In sectionlV we develop similar stepsfor the simulationof quantum
systemswhoselanguagehasan infinite-dimensionakepresentationthus, thereis no exclusion
principle (e.g.,canonicalbosons).In sectionV we explain the measuremenrocesausedto ex-
tractinformationof somerelevant andgenericphysicalproperties,suchascorrelationfunctions
andenegy spectra.We concludewith a discussioraboutefficiengy andquantumerrors(section

VI) andasummaryaboutthe generaktatementgsectionVll).

[I. STANDARD MODEL OF QUANTUM COMPUTATION

In the standardnodelof quantumcomputationthe fundamentalnit is the qubit, represented
by atwo level quantunsystemwith statesof theform|a) = a|0) +b|1). Foraspin-1/2particle,for
example thetwo “levels” arethetwo differentorientationsof thespin,|1) = |0) and|]) = |1). In
thismodel,thealgebraassignedo a systemof N-qubitsis built uponthe Pauli spin-1/2operators

ol, o) ando? actingon the j-th qubit (individual qubit). The commutationrelationsfor these

N
operatorsatisfyan su(2); algebradefinedby (i, v, A = z, vy, 2)
=1

(07, o8] = 2i8j1€07, (1)

nr - v
where[A4, B] = AB— BA ande,,, isthetotally anti-symmetrid_evi-Civita symbol. Sometimest
is usefulto write the commutatiorrelationsin termsof theraisingandloweringspin-1/2operators

A= =R 1o
b= (2)

Any computatioronaQC s representedly aunitaryoperatorV thatevolvessomeinitial state

in away thatsatisfieghetime-dependenschibdingerequationfor someHamiltonianH (t). Any
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unitary operation(evolution) U appliedto a systemof N qubits canbe implementedon a QC
by decomposingt into single qubit rotations R/ () = e~i774 by anangle? aboutthe p axis,
andtwo qubitsising interactionsR,; ,» = giwotot . (Theseelementaryoperationsconstitutea
setof elementarygates). That this decompositions possibleis animportantresultof quantum
information. It implies thatwith the given elementarygatesone canperformuniversalquantum
computation Other equivalentsetsof elementarygatescanbechosenFor example we couldalso
performuniversalquantumcomputationwith singlequbit rotationsandC-NOT gateg9] or even
with different control Hamiltonians. The crucial point is that we needto have quantumcontrol
over thoseelementaryoperationsn the real physicalsystem. The compleity of a computation
is given by the numberof (elementary)gatesused. Which universalgate setis useddoesnot
significantly affect the compleity of a computation provided thatthe gatesact on at mosttwo
gubitsatatime.

In thefollowing, we will write down our algorithmsin termsof singlequbit rotationsandtwo
gubitsIsing interactions,sincethis is the languageneededor the implementationof the algo-
rithms,for example,in aliquid NMR QC. If we usedadifferentsetof local, universalelementary
gatespur mainresultsstill hold but with modifiedquantumnetworks.

As anexampleof suchdecompositionswe considerthe unitary operatorU (t) = e'*, where
H = aolo?o? represents time-independerHamiltonian. After somesimplecalculationg3, 5]
we decomposd’/ into elementarygates(one qubit rotationsandtwo qubitsinteractions)in the

following way
20 i US- (3)

Thisdecompositions shavnin Fig. 1, wherethequanturmetwork representatiors displayed.
In the sameway, we couldalsodecompos@noperatotU’(t) = e ia7yo2oyt ysingsimilar stepsbut

replacings? <+ o7 in theright handsideof Eq. 3.

1. SIMULATION OF FERMIONIC SYSTEMS

As discussedn the Introduction, quantumsimulationsrequire simulationsof systemswith
diversedegyreesof freedomand particle statistics. Fermionic systemsare governedby Pauli’s
exclusionprinciple, which implies thatno morethanonefermion canoccugy the samequantum

stateat the sametime. In this way, the Hilbert spaceof quantumstateghatrepresena systemof
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FIG. 1: Decompositiorof theunitaryoperatoiU (¢t) = €' 729:t into elementansinglequbitrotationsand

two qubitsinteractions.Time t increase$rom left to right.

fermionsin a solidis finite-dimensiona(2”" for spinlesfermions,whereN is thenumberof sites
or modesin the solid), andonecould imaginein the existenceof one-to-onemappingsbetween
the fermionic and Pauli’s spin-1/2algebras. Similarly, ary languagewhich involves operators
with a finite-dimensionatepresentatioife.g.,hard-corebosonshigherirrepsof su(2), etc.) can
beisomorphicallymappedntothe standardnodellanguagg6—8J.

In the secondyuantizatiorrepresentatio, the(spinless)‘ermionicoperators:} (c,;) aredefined
asthe creation(annihilation) operatorsof a fermionin the j-th mode(; = 1,---, N). Dueto
the Pauli’s exclusionprincipleandthe antisymmetricmatureof the fermionicwave functionunder

the permutationof two fermions,the fermionic algebrais given by the following commutation



relations
{ei,ci} =0, {c},¢;} = 8 (4)
where{, } denotegsheanticommutatofi.e.,{A, B} = AB + BA).

TheJordan-Vignertransformatiorj6, 7] is theisomorphicmappingthatallows thedescription
of afermionicsystemby the standardnodel

6 - (H _ag> o ©)

=1
j—1
ol - <H _ag) ol (6)
=1
whereoL arethe Pauli operatordefinedin sectionll. Onecaneasilyverify thatif the operators
aL satisfythe su(2) commutatiorrelations(Eq. 1), theoperatorsc} andc; obey Egs.4.

It is importantto remarkthatthe Jordan-Vigner transformatioris anisomorphicmappingbe-
tweenoperatoralgebrasandis independendf the Hamiltonianof thefermionicsystemwe wantto
simulate.DifferentHamiltoniansestabliskhdifferentconnectiongconnectrity) betweerfermionic
modes. Historically, Egs. 5 and6 correspondo latticesin one spacedimension. Nevertheless,
it is alsovalid for lattice systemsin ary dimension,sincethe setof modes; is countable. In
particulay the setof all orderedp-tuplesof integerscanbe placedin one-to-onecorrespondence
with thesetof integers.For example the simulationof atwo dimensionafermioniclattice system
canbe doneby re-mappingeachmode (I, m) into a newv setof modesas;j = m + (I — 1)N,,
where[l = 1--- N,] and[m = 1--- N,] areinteger numberghatreferto the positionof a sitein
thelattice,and IV, and N, arethe numberof sites(modes)in the z andy directionrespectiely.
The point is, however, thatthe Hamiltonianin the new mode-labelconnectssites separatedy
distance®f orderO(N, ), but thecompleity of the simulationremainspolynomial.In particular
the simulationof thetwo dimensionaHubbardmodelis shavn in Ref. [5].

We now needto shav how to simulateafermionicsystemby a QC. Justasfor asimulationona
CC,thequantumsimulationhasthreebasicsteps:the preparatiorof aninitial state theevolution
of this state,andthe measuremendf a relevant physicalpropertyof the evolved state. We will

now explain thefirst two stepspostponinghethird until sectionV.



A. Preparation of theinitial state

In the mostgeneralcase,ary quantumstate|) of N, fermionscan be written asa linear

combinationof Slaterdeterminant$e, )

L
= Zga |¢a>7 (7)
where
N.
[6a) = [] ¢} Ivac) (8)
j=1

with the vacuumstate|vac) definedasthe statewith no fermions: ¢;|vac) = 0Vj. In the spin
language|vac) = ||| -+ ).

The commutatiorrelationsof fermionic operatorshovn in Eqgs. 4, wherec T T —c c if ¢ #
7, imply that the Slaterdeterminantg¢, ) areantisymmetricunderthe permutatlonof ary two
fermions.

We can easily preparethe states|¢, ) by noticing that the quantumgate, representedby the
unitary operator

U, = e nm +ch) (9)

whenactingon the vacuumstate createsa particlein the m-th mode.In otherwords,U,, |vac) =
e'2 ¢! |vac). Making useof the Jordan-Vigner transformation(Egs. 5 and 6), we canwrite the

operatord’/,, in thespinlanguage
izar I -
U,=c¢€ =t (20)

\ =|

The successie applicationof N, similar unitary operatorswill generatehe state|4,) up to an
irrelevantglobalphase.

A detailedpreparatiorof thefermionicstate|y) = zLj Ja |¢a) canbefoundin apreviouswork
[3]. Thebasicideais to useL extra (ancilla)qubits,thoézr:\lperformunitaryevolutionscontrolledin
the stateof theancillas,andfinally performa measuremertf the z-componenbf the spin of the
ancillas.In this way, the probability of successfupreparatiorof |} is 1/ L. (We needof theorder
of L trials beforea successfupreparation.)

Anotherimportantcaseis the preparatiorof a Slaterdeterminanin a differentbasisthanthe

onegivenbefore

N,
6g) = [ [ ! [vac), (11)
j=1
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wherethefermionic operatorsi}’s arerelatedto the operatorsr} throughthefollowing canonical

transformation

q = et (12)

with @' = (d,db, -, d\), @' = (cl,cl,---,cl), and M is an N x N Hermitian matri.
Making useof Thoulesss theorem[10], we obsere thatone Slaterdeterminangvolvesinto the
other |¢3) = Ulga), Wwherethe unitary operatory = e~ €' M canbewrittenin spinoperators
using the Jordan-Wigner transformationand can be decomposednto elementarygates[5], as
describedn sectionll. Sincethe numberof gatesscalespolynomially with the systemsize (the
operatore ' M is asumof a numberof termsthatscalespolynomiallywith V), the state|¢g)

canbeefficiently preparedrom the state|¢, ), asexplainedin the next section.

B. Evolution of theinitial state

Thesecondstepin the quantumsimulationis the evolution of theinitial state.Theunitaryevo-
lution operatorof atime-independertiamiltonianH is U (t) = e*#*. In general H = K + V with
K representinghekinetic enegy andV the potentialenegy. Sincewe usuallyhave [K, V] # 0,
the decompositiorof U (t), written in the spin languagethroughthe Jordan-Vigner transforma-
tion (Egs.5 and6), in termsof elementarngatesonequbit rotationsandtwo qubitsinteractions),
becomesomplicated.To avoid this problem,we insteadusea Trotterdecompositionsothe evo-
lution duringa shortperiodof time (At = t/N with At — 0) is approximatedTo orderO(At)
(first orderTrotterbreakup)

N

u(t) = [Ju(aw, (13)
g=1

U(At) — At _ J(K+V)AL | iKAt VAL (14)

Thepotentialenegy V is usuallya sumof commutingdiagonalterms,andthe decomposition
of eVt into elementanygatess straightforvard. However, thekineticenegy K is usuallyasum
of noncommutingermsof theform c}ck + c};c]» (bilinearfermionic operators)sowe needagain
to performa Trotterapproximatiorof theoperatore’® 2t As anexampleof suchadecomposition,
we consideratypicalterm eilejenteie;) At ( < k), whenmappeddntothe spinlanguagegives

—5(ozotoyoy) TI (—ol) —zoz0y I1 (—ob) —joyoy T (-0t
e 1=j+1 —e 1=j+1 e 1=j+1 . (15)



The decompositiorof eachterm on the right handside of Eq. 15 into elementarygateswas
alreadydescribedn previous work [5]. In sectionll andFig. 1, we alsoshaved an exampleof
suchadecompositiorior j = 1 andk = 3. It is importantto mentionthatthe requirednumberof
elementaryatesscalepolynomiallywith thelength|k — j|. Noticethatthis stepis notnecessary
for bosonicsystemssinceno stringof ¢! operatorss involved (seesectionlV).

Theaccurag of this methodincreasesis At decreasesowe mightrequirealarge numberof
gatedo performtheevolutionwith smallerrors.To overcomethis problem,onecoulduseaTrotter
approximationof higherorderin At [11]. PhysicalHamiltonianswith higherorderproductsof

creationandannihilationoperatorsanalsobe efficiently simulated.

C. Generalization: simulation of anyonic systems

The conceptsdescribedin sectionslll A andlll B can be easily generalizedo other more
generalparticle statistics,namelyhard-corearyons. By “hard-core”,we meanthatonly zeroor
oneparticlecanoccugy asinglemode(Pauli’s exclusionprinciple).

The commutatiorrelationsbetweerthe arnyonic creationandannihilationoperators:! anda;,

aregivenby
[a;, aj]9 = [alﬂl;]e =0,
la;,al]_y = 8i;(1— (e +1)ny) (16)
[ni,al] = 6;al,

(i < j) wheren; = ala;, [4, B]y = AB — ¢’ BA, with 0 < ¢ < 27 definingthe statisticalangle.
In particulay & = 7 mod@n) correspondso canonicalspinlessfermions,while § = 0 mod@)
representdiard-corebosons.

In orderto simulatethis problemwith a QC madeof qubits, we needto apply the following

isomorphicandefficient mappingbetweeralgebras

e W41 e -1 .

2
1<j
eiG + 1 eiG -1 )
0 = |[[F5—+——0l, (17)
1<y

1 .
n; = 5(1 + 01)7



wherethe Pauli operatorsﬁ; wheredefinedin sectionll, andsincethey satisfyEq. 1, the corre-
spondingcommutatiorrelationsfor theanyonic operator§Egs. 16) aresatisfied too.

We cannow proceedn the sameway asin the fermionic case writing our anyonic evolution
operatorin termsof single qubit rotationsandtwo qubitsinteractionsin the spin-1/2language.
As we alreadymentionedarnyon statisticshave fermion and hard-corebosonstatisticsas limit-
ing cases.In the next sectionwe relax the hard-corecondition on the bosonsand considerthe

importantcaseof canonicabosons.

V. SIMULATION OF BOSONIC SYSTEMS

Quantumcomputationis basedon the manipulationof quantumsystemshat possess finite
numberof degreesof freedom(e.g.,qubits). From this point of view, the simulationof bosonic
systemsappeardo be impossible sincethe non-&istenceof an exclusion principle implies that
the Hilbert spaceusedto represenbosonicquantumsatesis infinite-dimensioal; thatis, there
is no limit to the numberof bosonsthat canoccupy a given mode;. However, sometimeswve
mightbeinterestedn simulatingandstudyingpropertiessuchthatthe useof the completeHilbert
spacds unnecessargndonly afinite sub-basi®f stateds suficient. Thisis the casefor physical

systemswith interactionggiven by the Hamiltonian
N
H =" ay; blb; + fj futtj, (18)
i,j=1

wherethe operatorSJZT (b;) create(destry) abosonatsite, andn; = bZT b, is thenumberoperator;
thatis

b3|n1,n2,---,ni,-~~,nN> = \/'I”Li—|—]_|TL1,712,"',’I’LZ‘—|—]_,"',’I”LN>, (19)
bi|n17n27"'7ni7"'7nN> = \/771 |’I’L1,?’LQ,"',7’L,L'—].,"',TLN>, (20)
ﬁi|n1,n27"'ani7"'7nN> = n; |n17n27"',ni7"'an1\7>7 (21)

wherethe bosonicstate|ny, ns, - - -, n;, - - -, ny) represents quantumstatewith »; bosonsn the
i-th site.

Thespaceadimensionof thelatticeis encodedn the parameters;; and;; of theHamiltonian.
Obviously, thetotal numberof bosonsVp in thesystemis consered,andwe restrictourselhesto

work with afinite sub-basi®f stateswherethe dimensiondepend®n thevalueof Np.
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The correspondingposoniccommutationrelations(in an infinite-dimensionkHilbert space)
are
[bi, 6] = 0, [bs, b;] = Gij. (22)

However, if the operatorsb} are restricted to the finite basis of states representedby
{|n1,n2,---,ny) with n; = 0,---, Np}, whereNp is the maximumnumberof bosonsper site,
thenthey have thefollowing matrix representatioseeEq. 19)

1. it
=19 -0le b ele- ol (23)

itk factor

where® indicatesthe usualtensorialproductbetweenmatrices,andthe (Np + 1) x (Np + 1)

dimensionamatricesl andb' aregivenby

/100 0\ /000 00\
01 0 0 1 0 0 0 0
1=|0 0 1 ol ,6f=]0 v2 0

o o]. (24)

\0 0O 0 - 1/ \O 0 0 .-+ +/Np 0/
It is importantto notethatin this finite basis the commutatiorrelationsof the ! differ from the
standardosonicones(Eq. 22) [8]

Np+1

A 7 7t _
[bi’bj] =0, [bi>bj] - 51']' {1 Np!

<53>NP<EZ~>NP] , (25)

andclearly (b)¥7+1 = 0.

As we mentionedin the Introduction, our goal is to simulateary physicalsystemin a QC
madeof qubits. For this purposewe needto mapthe bosonicalgebrainto the spin-1/2language.
However, sinceEgs. 25 imply thatthe linear spanof the operatorsBI. andb, is not closedunder
the braclet (commutator) a directmappingbetweerthe bosonicalgebraandthe spin-1/2algebra
(suchasthecaseof theJordan-Vignertransformatiorbetweerthefermionicandspin-1/2algebra)
is not possible. Therefore we couldimaginein a one-to-onemappingbetweenthe bosonicand
spin-1/2quantumstatesjnsteadof anisomorphicmappingbetweenalgebrasWe will nowv shav
onepossiblesuchmappingof quantumstates.

We startby consideringonly thei-th sitein the chain. Sincethis site canbe occupiedwith at

mostNp bosonsit is possibleto associat@an Np + 1 qubitsquantumstateto eachparticlenumber
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state,in thefollowing way

10); < | Todida - Inp)s
11); < | dotada - dnp)s
12); < | dodatTe - Inp) (26)

|NP>i < | dodida - TNp)i

where|n); denotesa quantumstatewith » bosondn sitei. Thereforewe needN (Np + 1) qubits
for thesimulation(whereN is thenumberof sites).In Fig. 2 we shav anexampleof this mapping
for aquantumstatewith 7 bosongn achainof 5 sites,wherethe maximumnumberof bosongper
siteis Np = 3.

By definition(seeEqgs.19,23,and24) b} |n); = v/n + 1 |n + 1);, sotheoperator

Np—1

o= Vit 1™t 27
% +
n=0

wherethepair (n, 7) indicateghequbitn thatrepresentthei-th site,actsin the Np+1 qubitsstates
of EQs. 26asb![Lo -+ du 1Tudnst - dpdi = VA1 Lo -+ bnTnridnia -+ davp)io Then,its
matrix representatioin this basisis the samematrix representationf 4! in the basisof bosonic
states.Similarly, the numberoperatorcanbewritten

Np O.n,i 41
n; = Zn z 2 ) (28)
n=0

and act as 7;|lo -+ dn—1Tudnt1 - dnp)i = 7 o - dnTagtidnse - Inp)i-  Notice that
[E!, ijjo o™i = 0, which meanghattheseoperatorconsere the total z-componenbf the spin
and,thus,alwayskeepstateswithin the samesubspace.
We cannow write down the Hamiltonianin Eg. 18in the spin-1/2algebraas
N
H=>" a; blb; + f;j Ain, (29)
ij=1

wherethe operators%_)j (b;) aregivenby Eq. 27 and#; by Eq. 28. In this way, we obtainphysical
propertieof the bosonicsystem(suchasthe meanvalue of anobserable,the meanvalueof the
evolutionoperatoyretc.)in aQCmadeof qubits. It isimportantto notethatthetype of Hamiltonian
givenby Eq. 18is not the only onesimulatableusingthe describednethod. The only constraint

is afixedmaximumnumberof bosongersite (or mode).

12



[6a) = N1 @ HH2 @ )3 @ )4 @ [THA)s

FIG. 2: Mappingof thebosonicstate| ¢, ), of achainof 5 sitesand7 bosong Np = 3), into aspin-1/2state
(Eq. 26).

A. Preparation of theinitial state

As in thefermioniccasethemostgenerabosonicstateof an NV sitesquantunmsystenwith Np

bosonscanbewritten asalinearcombinationof productstatedike

|G = K(B])™ (BE)™ - - (bly)™ |vac), (30)

whereK is a normalizationfactor n; is the numberof bosonsat site : (gj n; = Np), and|vac)
is the bosonvacuumstate(no particle state). Using the mappingdesczr:itl)edn Eg. 26, we can
write the vacuumstatein the spinlanguageas|vac) = [Tol1 - Inp)1 @ - @ |Tod1 -+ dnp)w
and ¢y = [do - Tay - dnp)1 ® - @ [do - Ty - Inp) v (SEEFIg. 2 for an example).
Therefore the preparatiorof |¢,) in a QC madeof qubitsis an easyprocess:only N spinsare
flippedfrom thefully polarizedstate whereall spinsarepointingdown.

The preparatiorof a bosonicinitial stateof the form |¢) = i Ja |Pa) is realizedasin the

a=1
fermioniccase.Again, we needto add . ancillas(extra qubits),performcontrolledevolutionson

13



their statesandfinally performameasuremerdf anspincomponeni3].

B. Evolution of theinitial state

Thebasicideais to usethefirst orderTrotterapproximation(seethefermioniccase}o separate
thosetermsof the Hamiltonianthat belongto the kinetic enegy K, from the onesthatbelongto
thepotentialenegy V (H = K+ V, [K,V] # 0), i.e.,

ezHAt ~ eiKAteiVAt' (31)
1 — I
2 eéa}:ag ‘,3(7_4t
3 — I
4 — I

FIG. 3: Decompositionof the unitary operatorU(t) = 5775775 into single qubit rotationsand two

qubitsinteractions.Time ¢t increase$rom left to right.

In general, K is a sum of non commutingtermsof the form b}, + b/b,, andwe needto

performanotherfirst order Trotter approximationto decomposét into elementarygates(in the
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spinlanguage).Then, a typical term ¢4+ 5%)t whenmappedonto the spin languageg(Eq. 27)

gives
y Ne 1
exp[— Z Vi(n+1)(n 4 1) [(e™Fon bk 4 03"“0;‘“"“)(0 Hgn' Ll 0;‘"10;‘,+1’l)
nn’ 0
_|_(0,;1,ka;z+1,k B Ug,ka;z—i—l,k)(an ,laqyluru 0;’,10:’4—1,1)“7 (32)

whereNp is thenumberof bosons.Thetermsin theexponentof Eq. 32 commutewith eachother
sothe decompositionnto elementarygateshecomestraightforvard. As anexample(seeFig.3),
we considera systemof two siteswith maximal one bosonper site (N = 1). We needthen

0,1 11

2(1 4 1) = 4 qubitsfor thesimulation,andEq. 27 impliesthatb] = ¢%'o}" andbl = ¢*?c”.

Then, ettt becomes

it it it
exp(— 3 —o% 011622612 x exp(=oll ol o 90 %) x exp(—=o? 101 150251:2) (33)

81 Y 89

17 it i
y exp(z o0 101 100 oa ) x exp(= o0l 100 2512 2) % exp(— 0140 100720 )

8 Y 8 Y 8 v

it 1t
01 _11_02 12 01 11 _02
X exp(— 80 0, 0,0, )Xexp(80 0, O, O'y 2,

wherethe decompositiorof eachof thetermsin Eq. 33in elementarygatescanbe doneusingthe
methodsdescribedn previous works[3, 5]. In particular in Fig. 3 we shav the decomposition
of thetermexp (£02'0, 00202 ?t), wherethequbitswererelabeledas(n, j) = n + 2j — 1 (e.g.,
(0,1) — 1).

On the otherhand, it is importantto mentionthat the numberof operationsnvolved in the
decompositioris notrelatedto the distancebetweerthesitesk and!/, asin thefermioniccase(see
sectionlll B). Sincetypical bosonicHamiltonians(like the onein Eg. 18) involve a numberof
termswhich scalegpolynomiallyin NV, their simulationcompleity will scalepolynomiallyin N
andNp.

V. MEASUREMENT: CORRELATION FUNCTIONS AND ENERGY SPECTRA

In previouswork [3, 5] we introducedanefficient algorithmfor themeasuremerdf correlation
functionsin quantumsystems.The ideais to make anindirect measurementhatis, we prepare
anancillaqubit (extra qubit) in agiveninitial state theninteractwith thesystemwhoseproperties
onewantsto measureandfinally we measuresomeobsenable of the ancillato obtaininforma-

tion aboutthe system. In particulay we might be interestedn the measurementf dynamical
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correlationfunctionsof theform
G(t) = (¢|TT AIT Bjo) (34)

whereA, andB; areunitaryoperatorgary operatoicanbedecomposeth aunitaryoperatoibasis

asA = Z o; A, B = Z,BJB ), T = e~*f* s thetime evolution operatorof a time-independat

HamlltonlanH and|y) |sthestateof thesystemwhosecorrelationonewantsto determinelf we
wereinterestedn the evaluationof spatialcorrelationfunctions,we would replacethe evolution
operatorT’ by the spacetranslationoperator In Fig. 4 we shav the quantumnetwork for the
evaluationof G(t). As explainedbefore[3, 5], theinitial state(ancilla plus system)hasto be
preparedn the quantumstate|+), ® |¢) (wherea denoteghe ancillaqubitand|+) = |0>+|1>)

Additionally, we have to performanevolution (unitaryoperation)n thefollowing threesteps:i) a
controlledevolutionin thestate|1) of theancillaC-B = |0)(0|® I +|1)(1|® B;, ii) atimeevolution
T, andiii) acontrolledevolution in the state|0) of theancillaC-A = |0)(0| ® A; + |1)(1| ® I.

Finally we measureéhe obserable(20% ) = (o3 + io;) = G(t).

L[]
I
N
111
N
=N
11

|11
o
=
>,

[T

FIG. 4: Quantumnetwork for the evaluationof G(t) = (1/1|TTAI.TBJ-1/J>.

Ontheotherhand,sometimesve mightbeinterestedn obtainingthespectrunieigevalues) of
agivenobserable( (i.e.,anhermitianoperator) A quantumalgorithm(network) for this purpose

wasalsogivenin previouswork [5]. Again,thebasicideais to performanindirectmeasurement
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usinganextraqubit (seeFig. 5). Basically we prepardheinitial state(ancillaplussystem)+),®
|¢), thenapply the evolution ¢z, andfinally measurethe obserable (207 (1)) = (¢l ).
Sincethe initial stateof the systemcan be written as a linear combinationof eigenstatesf O,
|p) = EL: Ya |1n ), Wherey, arecomple coeficientsand|+,, ) areeigenstatesf Q with eigenvalue

n=0
An, theclassicaFouriertransformappliedto thefunctionof time (203 (t)) givesus A,

F(A) = 2m|7a[?6(A = An). (35)

n=0

Without lossof generalitywe canchoose) = H, with H someparticularHamiltonian.

a L L (20%)

A at
Q0%

FIG. 5: Quanturmetwork for the evaluationof the spectrunof anobserable.

It is importantto notethatin orderto obtainthe differenteigenvalues of ), the overlapbe-
tweentheinitial stateandthe eigenstatesf Q mustbe differentfrom zero. Onecanusedifferent
mean-fieldsolutionsof Q asinitial stateg¢) dependingon the partof the spectrumonewantsto

determinewith higheraccurag.

VI. ALGORITHM EFFICIENCY AND ERRORS

An algorithmis considerecefficient if the numberof operationsnvolved scalegpolynomially
with the systemsize and 1/¢, wheree is the maximaltolerableerror in the measurementf a

relevantproperty
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While the evolution stepinvolvesa numberof unitary operationghatscalepolynomiallywith
the systemsize (suchis the casefor the Trotter approximation)when&er the Hamiltonian H is
physical(i.e., is a sumof a numberof termsthat scalespolynomially with the systemsize),the
preparationof the initial statecould be inefficient. Suchinefficiengy would arise,for example,
if the state|) definedin Eq. 8 or Eq. 30is a linear combinationof an exponentialnumberof
elementarystates( ~ z, with N the numberof sitesin the systemandz > 1). However,
if we assumethat |¢) is a polynomial(in V) combinationof states jts preparatiorcanbe done
efficiently. This constructiorgeneralizeso moregeneralkcoherenstateg12]. Ontheotherhand,
themeasurememrocesslescribedn sectionV is alwaysan efficient step,sinceit only involves
themeasuremertuf the spinof onequbit, despitethe numberof qubitsor sitesN of the quantum
system.

Errorse comefrom gateimperfectionsthe useof the Trotter approximationin the evolution
operatorandthe statistican measuringhe spinof the ancillaqubit (sectiondll B, IV B, andV).
A precisedescriptionandstudyof theerrorsourcesanbe foundin previouswork [3]. Theresult
is that the algorithmsdescribedhere,for the simulationof physicalsystemsand processesare
efficientif the preparatiorof theinitial stateis efficient, too.

VIl. CONCLUSIONS

We studiedtheimplementatiorof quantumalgorithmsfor the simulationof anarbitraryquan-
tum physicalsystemor phenomenomn a QC madeof qubits,makinga distinctionbetweenrsys-
temsthataregovernedby Pauli’s exclusionprinciple (fermions,hard-corebosonsanyons,spins,
etc.), and systemsthat are not (e.g, canonicalbosons). For the first classof quantumsystems,
we shaved that a mappingbetweenthe correspondinglgebraof operatorsandthe spin-1/2al-
gebraexists, sinceboth have afinite-dimensionatepresentationOn the otherhand,the operator
representatiorof quantumsystemsthat are not governedby an exclusion principle is infinite-
dimensionalandan isomorphicmappingto the spin-1/2algebrais not possible. However, one
canwork with a finite setof quantumstates,settinga constraint,suchasfixing the numberof
bosonsn the system.Then,the representationf bosonicoperatordbecomedinite-dimensional
and we shaved that we canwrite down bosonicoperatorsin the spin-1/2language(Eq. 27),
mappingbosonicstatedo spin-1/2stategEq. 26).

We alsoshaved how to performquantumsimulationsin a QC madeof qubits(quantumnet-

18



works), giving algorithmsfor the preparatiorof the initial state,the evolution, andthe measure-
mentof arelevantphysicalproperty wherein the mostgenerakcasethe unitary operationave to
beapproximatedsectiondll B,IV B).

The mappingsexplainedare efficient in the sensethat we canperformthemin a numberof
operationghatscalegpolynomiallywith the systensize. This impliesthatthe evaluationof some
correlationfunctionsin quantumsstateghatcanbe preparecefficiently is alsoefficient, shaving
an exponentialspeed-upf thesealgorithmswith respecto their classicalsimulation. However,
thesemappingsareinsuficientto establishthatquanturmetworkscansimulateary physicalprob-
lem efficiently. As we mentionedn the Introduction,thisis the casefor the determinatiorof the
spectrunof theHamiltonianin thetwo-dimensionaHubbardmodel[5], wherethesignal-to-noise
ratio decaysexponentiallywith the systensize.

Finally, in Fig. 6 atabledisplaysthe advantageof simulatingsomeknown algorithmswith a

QCthanwith a CC, affirming thatQCsbehae asefficient devicesfor somequantumsimulations.

Algorithm Speed-Up
Correlation functions Exponential

Factoring (Shor) Superpolynomial

Search (Grover) Quadratic

FIG. 6: Quantumvs. classicakimulations.Speed-upefersto thegainin speedf thequantumalgorithms

comparedo the known classicalones.
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